We provide the solution for the variance of the substitution number for general initial conditions Pi(0) for both long and short times. The long term behavior is not changed as the memory of the initial condition is lost for large times. The expression for short term behavior contains additional terms.
Reference to equations in the main text are prefixed with "MT-". The variance of the substitution number for general initial condition |P (0) can be readily obtained by the methods developed in section "Methods" of the main text. The symbols used here are identical to ones in the main text. Equations for the probability and moments equation in this case are
Using the same basis change used in "Methods" section and writing the equations for the quantities in the B space (denoted by the˜symbol, we have
and therefore,
where |δπ = |P (0) − |π is the deviation of the initial condition from the equilibrium and |δπ is the part of |δπ lying in the B space. The mean substitution number is n = 1|n (eq. MT-7) and therefore
where m| = (m 1 , ..., m K ) (MT-11) and we have used the fact thatm = m 1 + m|π . Integrating the above equation, we obtain the mean substitution number :
where n eq =mt is the substitution number for equilibrium initial condition (MT-15).
To evaluate n 2 , we need to solve the vectorial equation (2). The projection in B space leads to
where we have used the fact that M |P = d t |P +D |P . Using the result (4), the above equation is written
The first line of the above equation is what we had before for the equilibrium initial condition ; the next two lines are the additional expressions appearing for the general conditions and vanish when |P (0) = |π .
Long term behavior.
For long times t → ∞, we can neglect terms in exp(Qt) compared to constant and O(t) terms; this reduces the above equation to
where |s =Q −1 |δπ . Integrating equation (7) results in
where |ñ eq is given by equation MT-19. Note that expression (5) in the long term reduces to n = n eq − m|s
As n 2 = 1|n 2 , we get from expression (3)
which can be solved by a simple integration. Therefore, using expressions (4,8,9) leads finally to Comparison between the theoretical result and numerical simulations for the dispersion index for non-equilibrium initial conditions. 3000 4 × 4 random (uniform(0, 1) ) matrices were generated. For each matrix, a Gillespie algorithm was used to generate 10 6 random paths as a function of time (t f inal = 2000), beginning with the initial condition Pi(0, t) = δi,1, from which the dispersion index was computed. In the above figure, each dot corresponds to one random matrix. The mean relative error
where n 2 eq = n eq 2 + n eq +2 m|r t is the second moment corresponding to equilibrium initial condition for large times. As n 2 = n eq 2 − 2 m|s n eq + O (1) we observe that for large times,
In other words, for large times, the memory of the initial condition is lost. This statement has been checked by stochastic numerical simulations ( figure 1).
Short term behavior.
For short times, we expand expression (5,6) to first order in t, which results, after integration in
and m|Q|δπ = m|Q|P (0) we can integrate expression (10) to find n 2 and Var(n). The final result is Var(n) = n + t 2 v m + t 2 m|Q|P (0)
where v m this time is the variance of the diagonal elements of Q weighted by the initial condition:
Expression (12) is similar to the expression MT-29 with the additional term t 2 m|Q|P (0) .
